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Abstract

We reporton our first resultson the useof Algebraic Recon-
structionTechniqueqART) on helical cone-beanComputer
ized Tomography(CT) data. Two variantsof ART have been
implementeda standardnewhich considersasinglerayin an
iterative stepanda block versionwhich groupssereral cone-
beamprojectionsin calculatinganiterative update.Both seem
to producehigh-quality reconstructionsalthoughthe number
of cyclesthroughthe datato achieve those(betweenl5 and
20),while nothuge,is largerthanthenumberof cyclesthrough
thedataneededor reconstructingrolumesfrom dataacquired
from differentmodalities(1 iterationfor PET dataand 1 to 4
iterationsfor EM data). The reasorfor thatmaybedueto the
unevencoverageof pointsby the datacollectiongeometryre-
sultingin aslower rateof corvergence.

|. Introduction

Algorithmsfor imagereconstructiorfrom projectionsform the
foundationsof modernmethod=of tomographidmagingin ra-
diology, suchashelicalcone-beanX-ray computerizedomog-
raphy (CT). Helical cone-beanCT is an image modality in

which the cone-beantdataacquisitionis performedwith a heli-

cal motion of the X-ray source-detectarelative to the patient.
Thevalueof thehelix pitch determineshe speedf dataacqui-
sition, the biggerthe pitch value, the fasterthe acquisitionis.

In [1] we showved thatit is possibleto obtain high-quality re-
constructiongrom helicalcone-beanCT datausingART (Al-

gebraicReconstructiormechnique)even whenappliedto data
acquiredwhenusinga considerablybig pitch value.

An imagemodelingtool, which wasdescribedn a general
contet in [2, 3] and utilized in image reconstructionalgo-
rithmsin [4, 5], is therepresentationf imagesandvolumesus-
ing blobs, which areradially symmetricbell-shapedunctions
whosevalueata distancer from theoriginis
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for 0 <r < aandis zerofor r > a. In thisequationl, denotes
the modified Besselfunction of orderm, a is the radiusof the
supportof the blob anda is a parameteicontrolling the blob

bmaa(r) = ) oy

shape.A volumeis representedsa superpositiorof N scaled
andshiftedversionsof the sameblob;i.e.,as

N
T(X,y,Z) = z Cjbm,a,c( (\/(X_Xj)2+(y_yj)2+(Z_Zj)z> ) (2)
=1

where{(xj,yj,zj)}ﬂ-“=1 is the setof grid pointsin the three-
dimensional(3D) Euclidearspacedo whichtheblobcentersare
shifted.Oncewe have choserthesegrid pointsandthe specific
valuesof m, a anda, the volumeis determinedby the finite
set{c;})_, of real coeficients; the taskof the reconstruction
algorithmin this context is to estimatethis setof coeficients
from the projectiondata.

Theaim of [4, 5] wasto studythe choicesof the grid points
andof the parametersn, a anda, combinedwith implementa-
tion of thealgorithmto estimatehecoeficients,from thepoint
of view of obtaininghigh-quality reconstructionsn a reason-
abletime.

Il1. Helical cone-beam reconstruction us-
ing ART

It hasbeenpointedoutin [6] thatapplyingthe simplestform
of ART to cone-beanprojectiondataacquiredon a circular
trajectorycanresultin substandardeconstructionsandit has
beensuggestedhat a certainalterationof ART leadsto im-
provement.However, besideanillustrationof its performance,
no properties(suchaslimiting corvergence)of the algorithm
have beengiven. We still needa mathematicallyrigorousex-
tensionof the currentlyavailabletheoryof optimizationproce-
duresto includeacceptablesolutionsof problemsarisingfrom
cone-beandatacollection. We discusghis phenomenoin the
contet of reconstructiorusing ART with blobsfrom helical
cone-beantatacollectedaccordingto the geometryof [7]. In
[1] we shovedthat ART canindeedproducehigh-quality re-
sultswhenappliedto helicalcone-beandata.In this paperwe
will concentrat®n how to improve the corvergencerateof the
reconstructioralgorithmby makinguseof a block-ART algo-
rithm.



A. Standard ART

For this discussionwe adoptthe notationof [8], becauset is
naturalboth for the assumediatacollectionandfor the math-
ematicsthatfollows. We let | denotethe numberof timesthe
X-ray sourceis pulsedasit travelsits helical path multiplied
by the numberof lines for which the attenuatiorine integrals
areestimatedn the cone-beanfor asinglepulse.Thusl is the
total numberof measurementsndwe useyY to denotethe (col-
umn) vectorof the individual measurementg, for 1 <i <.
We let N denotethe numberof grid pointsat which blobsare
centeredpur desireis to estimatethe coeficients{c; }:.\':l and
therebydefineavolumeusing(2). For1<i <1, welet a;j be
theintegral of thevaluesin the jth blob alongtheline of theith
measuremer(notethatthesea;; canbe calculatedanalytically
for the actuallinesalongwhich the dataarecollected)andwe
denoteby A the matrix whosei jth entryis &j. Then,usingc
to denotethe (column)vectorwhosejth components c;, this
vectormustsatisfythe systemof approximatesqualities:

Ac~Y. 3)

In the notationof [8] thetraditional ART procedurdor find-
ing asolutionof (3) is givenby theiterations:

c@ s arbitrary,
. N o N
C§n+l) _ an) NG zll\‘<=1a;kck ai, (4)
k=18
for1 < j <N,
n=0,1,..., i=nmodl +1,

wherew(" is arelaxationparameterWhile thisproceduréasa
mathematicallyvell-definedimiting behaior (seeg.g., Theo-
rem1.10f [8]), in practicewe desireto stoptheiterationsearly
for reasonsof computationalcosts. We have found that for
the essentiallyparallel-beandatacollectionmodesof fully 3D
PET]9], FourierrebinnedPET[10] andTransmissiorklectron
Microscopy [11], onecyclethroughthedata(i.e.,n=1) is suffi-
cientto provide uswith high-qualityreconstructionsHowever,
our preliminaryexperimentsndicatethatthis doesnot happen
with helicalcone-beandata.

We conjecturethatthe reasonfor this is the following. Let
usassociatevith the jth blob thevalue

[
sj:Zaij,forlgjgN. (5)
=

For the parallel mode of datacollectionthe valuesof s; are
nearlythe samefor all the blobs. However, thisis notthe case
for cone-beandata. If we usethe datacollection geometry
of [7], the blob coeficientscloserto the helical sourcetrajec-
tory will have highers; valuesthantheblob coeficientsonthe
oppositesideof thetrajectoryand,ascanbeseerin (4), thisre-

sultsin someblob coeficientsbeingupdatedmorefrequently
thanothers,makingit harderfor theiterative algorithmto con-
vergeto anacceptableolution.

B. Block-ART

It is naturalto considerinsteadof the row-action algorithmic
schemd4) its block-iterative version,in which all themeasure-
mentstaken by a numberof pulsesof the X-ray sourceform a
block. A powerful theoryis developedfor thisin [8]. Let M be
the numberof blocks,Y; be the L-dimensionalvectorof those
measurement&hich form the ith block andlet A; be the cor-
respondingubmatrixof A (we assumehateachblock hasthe
samenumberof measurementsY.heoreml.3 of [8] stateshat
the following block-iterative algorithmhasgood corvergence
properties:

cO s arbitrary,
¢ = ¢ L ATS() (Yi _ Aic(n)) , (6)
n=0,1,..., i=nmodM+1,

where =™ is an L x L relaxationmatrix. This theory cov-
ers even fully-simultaneousalgorithmic schemegjust put all
the measurementiito a singleblock). Thereare alsogener
alizationsof the theory which allow the block sizesand the
measurement-allocation-to-blagko changeas the iterations
proceed.

A variation on sucha block-ART algorithmis to perform
component-dependenteightingin the updateof blob coefi-
cients. The essencef this approachis to introducein (6) a
secondN x N) relaxationmatrix A" in front of the AT. Then
we needto answetthefollowing: For whatsimple(in thesense
of computationallyeasily implementable)pairs of relaxation
matrices=(" andA™ canwe simultaneouslybtaindesirable
limiting convergencebehaior andgoodpracticalperformance
by the earlyiterates Examplesof the A" to bestudiedarethe
diagonalmatrix whose jth entry is the reciprocalof the s; of
(5) or, alternatvely, thereciprocalof a similar sumtakenover
only thosemeasurementiswhich arein the block usedin the
particulariterative step. A recentlyproposedsimultaneouse-
constructionalgorithmwhich usesj-dependentveighting ap-
pearsin [12], whereit is shovn that a certainchoiceof such
weighting leadsto substantialacceleratiorof the algorithm’s
initial corvergence.

Herewe definethe weightsto be usedin the updatesased
on thefollowing idea. Supposehatwe have takenthe projec-
tion dataof anobjectfor which all the blob coeficientsc; are
1. Then,it appeargesirableto have a uniform assignmenof
the blob coeficients after a single stepof a modified version
of (6), assuminghattheinitial assignmenbf the blob coefi-
cientsis zero.Assumingthatthe =(" is theidentity matrix, we
canachieve this aim by choosingA(™ to be a diagonalmatrix
whose jth entry is inverselyproportionalto the sumover all
linesin the block of theline integral throughthe jth blob mul-
tiplied by the sumof the line integralsthroughall the blobs.
Themathematicaéxpressiorfor thisis

N
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In orderfor this to work we have to ensurethat the value of

(7) is notzero. Thisiis likely to demandheforming of blocks
which correspondo morethanonepulseof the X-ray source,
sincetheraysforming a block shouldintersectall blobsin the
reconstructiorregion.

1. Results

Both ART (4) andtheblock-ART (describedy (6) and(7)) al-
gorithmswereusedto reconstruct modified3D Shepp-Logan
phantom[13] in which the valuesrangefrom 0.00to 2.00,us-
ing datacollectedfrom two helix turns, with 300 projections
taken per turn and 64 rows and 128 channelsper projection
(i.,e. | =2x300x 64x 128=4,915,200).The coneandfan
anglesof the cone-beanwere9.46° and21.00°, respectiely.
The reconstructed/olumesconsistedof a 95 x 95 x 191 blob
coeficientsarray(2) organizedon a bccgrid (see[4]) thatwas
interpolatedo a cubicgrid with 128 x 128x 128 voxels. Fig-
urel showvsa(x,2)-slice of thevolumereconstructedsingthe
standardART algorithm (a) andthe block-ART algorithm (b)
anda (y, 2)-slice usingthe the standardART algorithm(c) and
the block-ART algorithm (d). The grayscalewindow usedto
shaw thesliceswas[1.00,1.03].Bothalgorithmswereexecuted
for 17 cyclesusingw™ = 0.01 for thestandard\RT algorithm
and0.1 asarelaxationparamete(multiplying the identity ma-
trix =(M) for the block-ART algorithm. For the block-ART al-
gorithm,the measuredlatawasgroupednto 75 blocksformed
by 8 cone-beamgach. As one cansee,the visual quality of
thesereconstructionss similar, althoughthe blob-ART recon-
structionseemso producea moreuniform backgroungnside
the skull of the phantom.Thetime neededor bothreconstruc-
tions is similar sincethe block-ART algorithmonly carriesa
small overheadfor computingthe weightsfor eachparticular
(blob,block)pair. (This overheadcanbeeliminatedby precom-
putationandstorageof theweights.)

V. Discussion

We presentethereourfirst resultsontheuseof ART techniques
for thereconstructiorf helicalcone-beanCT data.Ourfuture
work will concentrateon how to optimize the algorithms, by
bothspeedingip theexecutionof asinglecycle andimproving
therateof corvergenceof thealgorithms,andthe evaluationof
thesealgotihmsandotherblock-ART variants.
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(a) (b)
(©) (d)
Figure 1: Slicesof reconstructedshepp-Logamphantomusing the standardART algorithm (a) and (c), and the block-ART

algorithm(b) and(d), shaved usingthe gray-scalavindow settingsof [1.00,1.03](images(a) and(b) shawv a (X, 2)-slice while
imageg(c) and(d) shaw a (y, 2)-slice). Both algorithmswereexecutedfor 17 cycles.




